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Abstract—This paper considers polar coding for asymmetric
settings, that is, channel coding for asymmetric channels and
lossy source coding for nonuniform sources and/or asymmetric
distortion measures. The difficulty for asymmetric settings comes
from the fact that the optimal symbol distributions of codewords
are not always uniform. It is known that such nonuniform
distributions can be realized by Gallager’s scheme which maps
multiple auxiliary symbols distributed uniformly to an actual
symbol. However, the complexity of Gallager’s scheme increases
considerably for the case that the optimal distribution cannot
be approximated by simple rational numbers. To overcome this
problem for the asymmetric settings, a new polar coding scheme
is proposed, which can attain the channel capacity without
any alphabet extension by invoking results on polar coding for
lossless compression. It is also shown that the proposed scheme
achieves a better tradeoff between complexity and decoding error
probability in many cases.

Index Terms—Asymmetric channels, channel coding, lossy
source coding, polar codes.

I. INTRODUCTION

Recently polar coding has attracted much attention for its
achievability of Shannon bound with polynomial complexity.
Polar codes are originally proposed by Arikan [1] for binary
memoryless symmetric channels and generalized for Galois
fields [2] and arbitrary g-ary alphabets [3]. The idea of polar
codes is also extended to lossless and lossy source coding and
some multiterminal problems [4][5][6].

We consider channel coding with polar codes for asym-
metric memoryless channels and lossy source coding for
nonuniform sources and/or asymmetric distortion measures.
In these asymmetric settings, the optimal symbol distribution
of codewords to achieve the Shannon bound is not always
uniform.

In known polar coding schemes for asymmetric settings,
codewords with a nonuniform symbol distribution are gen-
erated based on Gallager’s scheme [7, p.208], which uses
nonlinear mapping of symbols illustrated by the following
example. Consider channel coding of an asymmetric channel
such that the optimal input distribution is (Px(0), Px(1)) =
(2/3,1/3) with alphabet X = {0,1}. This input distribution
can be realized by considering a ternary polar code with an
extended alphabet X’ = {a, b, c}. Mapping symbols a,b € X’
to 0 € X and ¢ € X’ to 1 € X in codewords, we obtain
codewords on X with the desired distribution. Although this
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technique is simple and applicable widely, a large size of
extended alphabet is required if the optimal distribution Px (-)
cannot be approximated by simple rational numbers. In such
cases, the complexity of decoding increases considerably. (See
Section V for a detailed discussion on the complexity of
Gallager’s scheme.)

To overcome the defect of Gallager’s scheme, we need to
generate the given symbol distribution Px(-) of codewords
without any extended alphabet. A key idea to generate a
desired distribution can be found in the lossless compres-
sion by polar codes [6]. In this setting an original message
XP = (X1,Xs,...,X,) with a nonuniform distribution is
transformed to U]" = X|'G,, by the generator matrix G,, of
polar codes. It is shown that the elements of U7' polarize
into two groups, F and F°¢. For each ¢« € F, U, is almost
uniformly distributed and independent of the leading sequence
U = (U,Us,...,U;_1) and, for each i € F¢, U; is
determined from U; ' almost surely.

Now we apply this technique to channel coding. The result
on the lossless coding implies that, when we have a uniform
source, we can obtain a nonuniform input for a given channel
in the following way: (a) choose a value of U; uniformly for
each ¢ € F, (b) determine U; for each ¢ € F¢ appropriately
from U{™! and (c) transform U} to XJ* by X} = UG, ! =
UT'G,,. In the case of channel coding with channel input X
and channel output Y, U; for each ¢ € F polarizes further
into Z C F and F \ Z, where this polarization corresponds
to lossless source coding with side information [8]. Here 7
is the set of indices 4 such that U; is almost independent of
U { ~1 but can be determined uniquely given U f ~1 and channel
output Y7* almost surely. F '\ Z is the set of indices 4 such that
U, is almost independent of both U- f_l and Y7". By assigning
a message to random variables U; for ¢ € Z we can send
it with small decoding error probability, that is, Z C F can
be used as an information set. The relation between lossless
source coding and channel coding is depicted in Fig. 1.

This idea can also be applied to lossy source coding. In
this case Y;* and X7 correspond to a source sequence and
a reproduction sequence, respectively. In lossy source coding,
U; which is almost random given (Ui ', Y;*) does not need to
be sent because such U; does not affect the joint distribution
of (X7, Y}") even if U; is determined independently of Y7".
Furthermore, in the asymmetric case, U; which is almost
deterministic given U; ' also does not need to be sent because
it can be reproduced in the same way as in lossless coding.
As a result, by sending U; only for ¢ € Z, we can recover X|'
within a given distortion.

Note that recently Sutter et al. [9] have considered a channel
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Fig. 1. Polarization of U{* = X['G', for nonuniform X" with/without side
information Y.

coding scheme for asymmetric settings based on lossless
coding independently of our work. However, their scheme
uses a concatenated code of two polar codes and the code
construction is not simple. Furthermore, the decoding error
probability of their scheme is approximately 0(2*"1/4) since
their scheme requires polarization for both the inner code
and the outer code, whereas we show that the decoding error
probability of our scheme is approximately 0(2_”1/2) by
using a single polar code.

This paper is organized as follows. In Section II, we
introduce polar codes for lossless compression with side infor-
mation considered in [8] and derive a polarization phenomenon
required for our setting. In Section III, we propose a new
polar coding scheme for asymmetric channels and show that
it can achieve the channel capacity asymptotically. We show
in Section IV that the same idea can also be applied to lossy
source coding with nonuniform sources and/or asymmetric
distortion measures. In Section V, we compare the proposed
scheme with Gallager’s scheme in view of coding rates,
complexities and decoding error probabilities. We give proofs
of theorems in the appendices.

II. POLARIZATION FOR ASYMMETRIC SETTINGS

Let (X,Y) € X x Y be a pair of random variables. In
the case of lossless compression, X and Y correspond to a
source and side information, respectively. For simplicity we
assume that X" is binary, i.e., X = {0,1} = GF(2), but )
is an arbitrary finite set. We note that the following results
can be extended to nonbinary cases, i.e., |X| > 3 in the same
way as the case of symmetric channels (see [2][3] and [8,
Section VI]). The addition on GF(2) is denoted by operator
®.
Let X = (X4,Xo,...,X,) and Y = (Y1,Ys,....Y,)
denote i.i.d. copies of X and Y, respectively. For n = 2%,
the generator matrix of polar codes' is given by G,, = G®*
where G = (1)) and ® denotes the Kronecker power. U" is

"More precisely, the generator matrix of a polar code is a submatrix of G.,.
But for simplicity we call G, the generator matrix of polar codes in this paper.
Note also that the generator matrix is sometimes defined as G, = B, G®
instead of G,, = G®F for the bit-reversal matrix B,,, and both definitions
are essentially equivalent (see [1, Section VII-C]).

defined as U} = X7G; ' = XI'G,,. Let U7, i < j, stand for
subvector (U;, Uit1,...,U;) of Up. Similarly, let Ug, A C
{1,2,...,n}, represent subvector {U; }ic.4.

In the case of channel coding for symmetric binary-input

discrete memoryless channels W, Bhattacharyya parameter
Zg (W), which is defined by

Zg(W)=>_ V/WHlo)W(yl1), (1)

is used to evaluate the error probability. For the case of source
coding with side information, this parameter is extended to
Z(X|Y) defined as

Z(X|Y) =2 Pr(y)y/ Py (Oly) Py (1)

=2 Z \/PX,Y(Oa y)Pxy(1,y). 2
y

Note that Z(X|Y") coincides with the Bhattacharyya parameter
Zp(Py|x) when X is uniformly distributed. The parameter
Z(X|Y) is related to conditional entropy H(X|Y) by the
following proposition.

Proposition 1 ([8, Proposition 2]).

(Z(X]Y))* < H(X|Y), 3)
H(X|Y) <log(l+ Z(X|Y)) < Z(X|Y). (4

Now we give the main result of this section on the polar-
ization for asymmetric cases.

Theorem 1. For any 8 < 1/2, i.i.d. random variables (X,Y)
and U = X1 G,

1 .
lim — {z L ZU UL Yy < 27

n—00 M

and Z(U;| U1 > 1 — 2—"‘3}‘ = I(X;Y), (5

1 .
lim — {z L ZU U YRy > 1 -2

n—o00 N,

or Z(U;|UIY) < 2*”’5}‘ —1-I(X;Y). (6)

We prove this theorem in Appendix B using a technique
similar to that for lossless coding by polar codes in [6][8]. In
[8], a recursive formula is derived for Z(U;|U; ', Y}") and
the polarization of Z(U;|U;~",Y7") is shown from the fact
that the formula has the same form as the symmetric case. On
the other hand, in [6], the asymptotic optimality is derived by
reducing the source coding problem to a channel coding one.
In this paper we apply this reduction technique to parameter
Z(U|U{=,Y{) and show that Z(U;|U 1, Y7") is equal to a
Bhattacharyya parameter Zp (W) for some symmetric channel
w. By this representation we can apply known results on the
symmetric settings directly to our asymmetric settings.

Now we review the polarization for symmetric channels. Let
W be a symmetric binary-input discrete memoryless channel
with transition probability W (§|) for # € X = {0,1} and
g €Y. (X,Y) is a pair of random variables with distribution
Py (%,9) = Pg(#)W(§|2), where Py is the uniform dis-
tribution on X. (X7, Y") is a sequence of n ii.d. copies of



(X,Y). U} is defined by U} = XPG;;!
subchannel for a polar code is given by
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The symmetric capacity of channel W is given by I(W) =
I(X;Y). The polarization for this symmetric channel is de-
scribed as follows.

= X7'G,,. The ith

Proposition 2 ([6, Theorems 2.11 and 3.15]). For any sym-
metric binary-input discrete memoryless channel W, 8 < 1/2

and Wi(n) defined by (7),
. 1 . 7 (n —nf T
Jlim {z L Zp(W) < 2 }‘ — (W), )
1y
lim {Z:ZB(W( N>1- }‘—1—I(W). ©)

Recall that X7' and YY" are ii.d.copies of X € X and
Y € Y, respectively, and U' = X{'G,. The following
theorem enables us to apply known results on symmetric
channels including Proposition 2 to our asymmetric setting.

Theorem 2. Let Y = {0,1} x Y and Y = (X & X}, Y{")
where (X', Y{") is independent of X}'. Then, for Wi(n) defined
by (7).

Py v (ul,yp) = 2075 (i (0%, ) us) (10)

and

Z(U| Ui Y1) = Ze(W(™) (11)

We prove this theorem in Appendix A.

III. POLAR CODES FOR ASYMMETRIC CHANNELS

In this section we propose a new polar coding scheme which
can achieve the capacity for asymmetric memoryless channels.

A. Code Construction

Assume that an information set Z C {1,2,...,n} and a
frozen set Z¢ = {1,2,...,n}\Z are fixed for a given channel
W. We use bits uz = {u;},c7 to send a message.

In the case of symmetric channels, the values of frozen
bits uze are chosen randomly with the uniform distribution
on {0,1} in the code construction but they are fixed when
the code is used. In our scheme, the frozen bits uze are
deterministic but dependent on the value of previous bits u}~*.
Furthermore, unlike the symmetric case, we choose the Value
of u; given u’fl not uniformly in the code construction.

Let £; be the family of functions \; : {0,1}~1 — {0,1}.
Now we consider a polar code with frozen set Z¢ and maps
Aze = {Ai}ieze. The maps Aze are used to determine the
frozen bits and are shared between the encoder and the
decoder.

Let Ml‘I| denote a message uniformly distributed on
{0,1}!. The encoder determines a codeword from a real-
ization mllz‘ of M 1‘I| in the following way. First, the encoder
determines the information bits by uz = m‘1 | Next, for the
frozen bits Z¢, the encoder determines the value u;, i € Z¢,
in the ascending order by u; = )\i(ui_l). We represent the

resulting sequence of u; by u] (m‘1 |, Aze). Third, the encoder

sends the codeword z{ = u7G, = uf (m‘lzl,)\IC)Gn with

code length n. Thus the coding rate is given by R = |Z|/n.
The decoder receives a sequence 7 according to the chan-

nel transition probability W (y}'|x}). The decoder estimates

ul by 4 = al(y}, A\ze) as follows:

argmax P, i1 o (u|di™ y?) i €T,
iy = w UYL 0 (12)
Ai(ash) i€ Ie.

The decoding is successful if 47 = uz which means 4} =
uf. The average decoding error probability over the uniform
message Mlm is denoted by Pe(Aze).

Now consider the choice of the map Aze. Let Aze = {A; €
L;}ieze be random variables which are independent of each
other and of (X7',Y7"), and satisfy

Py fAi(uy ) = 1] = Py i (Luy ™) (13)

for all ui™' € {0,1}"~'. Practically, we can realize this
randomized map by using pseudo random numbers shared
between the encoder and the decoder as follows.

0 with probability P, Al 1(0fut™hy,
Y71 with probability Py, i (1ui ™).

1

(14)

The idea of this randomized algorithm comes from the polar
coding for lossy compression for symmetric sources [5][6],
where this technique is called randomized rounding. As in
the case of the lossy coding for symmetric sources, the
randomization makes the theoretical analysis much easier in
our setting.

From Theorem 1 there exists a subset Z of {1, - -
that |Z| = nR,

,n} such

ZWU ULy <27 and Z(UUY) > 127 (15)

foralli e Tif R < I(X;Y), 8 < 1/2, and n is sufficiently
large. For this Z the following theorem holds.

Theorem 3. Let Mllz‘ be a message chosen uniformly from
{0,1Y and T c {1,--- ,n} be a set satisfying (15). Then the
expectation of the decodmg error probablllty over the maps
Aze satisfies By, [Po(Aze)] = 027" for any B/ < B <
1/2. Consequently, there exists a determml/stlc map Aze =
{\i € LiYieze such that Po(Aze) = 027 ).

The proof of this theorem is given in Appendix C.

B. Implementation

In the construction of the proposed coding scheme, in-
formation set Z has to be chosen from {1,...,n} so that
Z(U;| U1, Y) is small and Z(U;|U{™') is large for every
i € Z. From Theorem 2 these parameters can be represented
as Bhattacharyya parameters for symmetric channels and the
approximation technique in [10] for symmetric cases can be
applied.

In the encoding of the proposed polar coding scheme, proba-
bility P, U, Uit (u|ui™') in (14) has to be computed. Similarly,
in the decoding, we need to compute Py, j7i-1 yn (ulai™t, y})



in (12) and P, i~ v (ului™t) in (14). From (10) in Theorem
2, we can represent the ratio of the posterior probability by
PU’ Y(( 21 ' 1), 1)
Py, Y"((ul L0 91)
W )
W), o)

Since the RHS of (16) can be computed with com-
plexity O(nlogn) by the decoding technique of polar
codes for symmetric channel [1], we can also compute
Py vi-t yp (u@i™, y}) with complexity O(nlogn). We can

L)
i1
PU\Ul lw(o‘ T vy?)

Py, i1y (L]

(16)

compute Py, -1 (uui™t
random variable.

) similarly by letting Y be a constant

IV. APPLICATION TO LOSSY SOURCE CODING

In this section we consider polar coding for nonuniform
sources and/or asymmetric distortion measures.

For information source Y € ) and distortion measure d :
Y x{0,1} — [0, 400), the rate-distortion function is given by

. /.

R(D) = X’:EXyI[Z(il(l}I},X’)]gD I(X:Y). (17)
The random variable achieving this minimum is denoted by
X in the following.

Now we construct a polar code for the lossy coding problem.
Assume that an information set Z C {1,...,n} and a frozen
set Z¢ = {1,...,n} \ Z are given and satisfy |Z| = nR and

20U yry > 127" or Z(U U <27 (18)

for all ¢+ € Z¢ From Theorem 1, such Z exists if R >
I(X;Y) = R(D), < 1/2 and n is sufficiently large.

As in the case of channel coding, let £; be the family
of functions \; : {0,1}*"! — {0,1} and assume that
Aze € [lieze Li is shared between the encoder and the
decoder. In the proposed scheme, the encoder determines
uft = ul(Aze, yp) from a given source sequence yi* by

0  with probabilit i1y (0|l ™t yp
w = p y P, U Uy (o] yr') (19)
1 with probability Py ;;i-1 Y"(1|“ L™
for + € 7 and
u; = Ni(uit) (20)

for i € Z¢. The encoder sends uz to the decoder. The decoder
determines uze by u; = A\;(u’™') and outputs reproduction
sequence =} = ul'G,,. Then, the coding rate is given by R =
|Z|/n. We define the average distortion by
Du(Aze) = = By [BI (7 uf (Oze, V) Gl @)

where d"(y}', z7) = Y7, d(y;, z;) and the inner expectation
is taken over randomization in (19).

As in the case of channel coding, we consider the expec-
tation of D,,(Azc) for random variable Aze such that Py, [A;
(Wi =1] = PU,3|U{*1(1|ui_1) for all uj~" € {0,1}7L.

Theorem 4. Let T C {1,...,n} be a set satisfying (18). Then
the expectation of the average distortion D, (Azc) over the

maps Aze satisfies Ep,.[Dy(Aze)] = D + O(2~ n? )for any
R > R(D) and ' < B < 1/2. Consequently, there exists a
determmlstlc map Aze = {\i € L;}ieze such that D,,(Aze) =

D+0@2 ")

The proof follows the same line as that of Theorem 3 and
is given in Appendix D.

Remark 1. In the lossy coding for symmetric setting [6], uze
is determined beforehand uniformly from {0,1}/%°! and the
randomized map Az. for the frozen set is not required. In our
setting, the achievability of the rate-distortion function can be
proved in the similar way as [6] for a simplified rule such that
for i € Z¢

s, it Z(U U Yy > 1— 27
Y, if Z(U Uiy < 277,

(22)

W — -
! argmax PUi‘Uf—l(U"LLZI
u

instead of (20), where u; is determined beforehand uniformly
from {0,1}. However, since this rule makes the proof of
Theorem 4 a little longer, we use the map Az. for simplicity
although Azc has to be shared between the encoder and the
decoder.

V. COMPARISON WITH GALLAGER’S SCHEME

In this section we compare the proposed scheme with
Gallager’s scheme using the alphabet extension [7]. We mainly
consider polar codes with generator matrix G,, = G®* for
a 2 x 2 matrix G over GF(g) used in [2][3] to implement
Gallager’s scheme and later discuss other implementations. In
Gallager’s scheme we only treat the case that block length n
is taken sufficiently large for a fixed size ¢ of the extended
alphabet although one may be interested in the case that ¢
increases with the block length. It is because, in Gallager’s
scheme, the original channel is transformed into a g-input |)|-
output channel, which has different characteristics depending
on ¢. Since the asymptotic decoding error probability 0(2‘”5)
in, e.g., Theorem 3 or [11, Theorem 1] of polar codes is
derived for a fixed channel and the dependency on the channel
is neglected, it is very difficult to analyze the asymptotic
performance of Gallager’s scheme with increasing g. Hence,
we do not consider such cases in this paper.

A. Coding Rate and Complexity

First we consider the coding rate of Gallager’s scheme.
The achievable rate by input distribution p = (po,p1) =
(Px(0), Px(1)) is given by

Px ()W (ylx)
P x)lo
Z KW WIDE B G S, P @) W)
(23)
with the optimal input distribution
p* = argmax I(p). (24)

Py, pi=1



From the smoothness of I(p), the objective function is ap-
proximated by

I(p) =1(p*) + (p— p*)HI(P))|p=p-(p — )"
+o(lp—p*II?)
=C(W)+ (p—p")HI(p))|p=p-(p —p*)"
+o(lp—p*II?) (25)

in the neighborhood of p* where H([) is the Hessian of I and
T denotes the transpose”. Gallager’s scheme can approximate
the optimal distribution p* by a distribution p such that
lp — p*|| = O(1/q) and the gap of the achievable rate is
expressed as AT = I(p)—I(p) = O(lp—p*|2) = O(1/¢?).
On the other hand, the successive cancellation of polar codes
requires convolutions of g-ary symbols, a naive implementa-
tion of which has complexity O(¢®) and it can be reduced
to O(qlogq) by the technique of fast Fourier transformation
when ¢ is a power of prime as mentioned in [13, Section III-B],
although it has not been shown that they are the best possible.
As a result, Gallager’s scheme currently requires complexity
at least O((AI)™'/?nlogn). In contrast, our scheme always
bounds the complexity by O(nlogn) independent of the
coding rate.

We can also consider the coding problem of an AWGN
channel with an average power constraint. In this problem the
optimal input distribution to achieve the capacity C(W) =
(1/2)1log(1 + SNR) is a normal distribution, which has to
be approximated by a discrete distribution in practice. As
discussed in [9], the gap of the capacity of Gallager’s scheme
is given by O(1/q) [13], but that of the proposed scheme is
exponentially small in ¢ [14]. Therefore, the proposed scheme
can achieve the same coding rate as that of Gallager’s scheme
by a logarithmically small alphabet size q.

It is worth noting that the optimal input distribution of an
AWGN channel has a discrete finite support if the peak power
of the channel input is constrained in addition to the average
power [15]. Furthermore, many continuous-output channels
have discrete optimal input distributions under the average
power constraint and/or the peak power constraints [16]. In
such cases, the proposed scheme can realize the optimal input
distribution without alphabet extension.

B. Decoding Error Probability

Next we compare the decoding error probabilities of these
schemes. In the second-order analysis for binary polar codes
[17][18][19], it is shown that the decoding error probability
can be expressed as

22+fcz Y el )+

Po=2" (26)

for any symmetric channel W, where Q! is the inverse of

the error function Q(t) = t+°°(27r) 1/2 exp(—s2/2)ds. This

result can be extended to polar codes with a prime size ¢ of a

2Refer, e.g., [12, Theorem 4] and its proof for detail, where the second-order
approximation of the objective function is considered to derive a necessary
condition for an optimal solution of a constrained optimization problem.

channel input (see [20, Section VII]) and the error probability
can be written in the same form as (26), say

Pe,Gallager =2 2 ; (27)

for Gallager’s scheme. On the other hand in the proposed
scheme, we have

lim — i Z(U U > 1 - 2—2%4‘9”(&%)%@@
n—oo n ’ 1I¥1 =

2 vy < 22 @Q“l?ﬂ%)*“m}‘
— et 28)

for any Ry > H(X|Y) and Ry < H(X) by applying the
second-order analysis to (5) in Theorem 1. This result induces
a polar code with coding rate R = Rs — R; with error
probability

[N

A 1-R
+—\/2ZQ 1(71 H(}}H,))+o(\/§)
. e,propose — 2

e W5+ (% ) +ovE)
_ 2—2%+§Q71(“““‘ EdYy B ) VR (29)
which is optimized as
k \FQ 1( AR\ (VE)

Prropone =220 24 i) (30)
by setting Ry = (H(X)—R(1-H(X|Y)))/(1+C(W)) and
Ry = H(X)(1+ R)/(1+ C(WW)). Note that

1+R R
> 31
1+C(W) "~ C(W) G

always holds for R < C(W') = I(p*). Therefore, in view of
(27) and (30), the decoding error probability of the proposed
scheme is asymptotically worse than Gallager’s scheme if it
can exactly realize the optimal input distribution p*. However,
in the case that the input distribution p of Gallager’s scheme
is different from p*, the proposed scheme has a better second-
order exponent if

1+ R R
1+ = I(p)

= R>I(p)— “YAIAT ~ I(p) — C(W)AI (32)

where AT = C(W) — I(p). The analysis of the error
probability is summarized as follows: (a) if C(W) = I(p*) >
R > I(p) then only the proposed scheme can achieve any
small error probability, (b) if I(p) > R 2 I(p) — C(W)AI
then both schemes achieve any small error probability but the
proposed scheme has a better second-order error exponent,
and (c) if I(p) — C(W)AI = R then Gallager’s scheme has
a better second-order error exponent.




C. Extension to General Kernels

In the above analyses we have mainly considered polar
codes with generator matrix G®* for 2 x 2 matrices G over
GF(2) in the proposed scheme and GF(g) in Gallager’s
scheme. In this section, we discuss generalization of the kernel
G to I x [ matrices over GF(q) by regarding log, ¢ symbols in
the proposed scheme (or log, ¢ symbols in Gallager’s scheme)
as one symbol over GF(g).

It is shown in [2][20][21] that the decoding error probability
can be expressed as O(2~ * )) for some first-order error
exponent E(G) € (0,1), which can be increased when we use
large [ and §. Here note that F(G) can be maximized by [ x [
Reed-Solomon matrix over GF(l) with exponent E(Grs) =
log(i!)/(llogl) when the size of the matrix [ is fixed [20].
This means that, although a larger ¢ increases the complexity,
G larger than [ does not improve the error exponent.

On the other hand in Gallager’s scheme, ¢ > ¢ is required
where ¢ depends on the coding rate to be achieved. Thus we
need to use | > ¢ to take full advantage of the extended
alphabet size ¢ of Gallager’s scheme, a naive implementa-
tion of which seems to require complexity O(¢'nlogn) >
O(¢%nlogn) (even if the technique of fast Fourier transfor-
mation is used). Then we conclude that the proposed scheme
can achieve a better tradeoff between the (first-order) error
exponent and the complexity than Gallager’s scheme unless
exponential complexity in ¢ is allowed, since we can design a
kernel G' without any constraint on the alphabet size ¢ in the
proposed scheme.

Note that a technique of multiple access channel (MAC)
coding [22] can also be applied to Gallager’s scheme.
In this technique, m = loggq virtual users transmit
x[1], z[2],- - ,x[m] € {0,1} via a single channel with transi-
tion probability Waiac(y[{z[j]};j=1,2,..,m). By letting

W (yl0),
W(y[1),

if {z[j]}; < S,

33
otherwise (33)

Waac(y{z[j]};) = {

for some S C {0,1}™ such that |S| = 2™ Px(0), we can
express the coding problem of asymmetric channels as a
MAC coding with sum-rate I({X[j]};;Y") for the uniform
input {X[j]}; € {0,1}™. This uniform sum rate can be
achieved asymptotically by m binary polar codes such that the
channel input of the j-th user is given by z7[j] = u}[j]G,, €
{0,1}"™ for generator matrix G,, of binary polar codes. It is
suggested in [22] that the complexity of Gallager’s scheme
may be improved by this technique since this technique uses
m = loggq binary polar codes instead of a single g-ary
polar code. However, since the analysis of MAC polar codes
heavily depends on the property of binary input, it is currently
unknown whether polar codes over GF(¢) can be used for
MAC coding to improve the exponent of the error probability.

APPENDIX
A. Proof of Theorem 2
Denote a member of )" = {0, 1} x Y™ by g7 = (21, y7)-
Then we have
W™ @ e i)
UERATA A LD

_ . . n o,n zn n ~i—1~
= E :P ;L,quXf,U{*l\Ui(xlay1721 ©ay,uy |u)
n

(a) n ~
= ZPX{L’yln(le,yl )P~ UL 1|U (2’1 @xl,ul 1|u1)
s
QZPX" vy (@1, 97) Py (31 @ 27)

xy
(G @ 27)Gn)t = ad]
©) 5—n n o, n n i ~i sn i
= g7t Z PX{HYI" (o7, yf)1 [(331 Gyn)i =) © (% Gn)l]

D) 5—n ~1 n i, Mn
=2 +1PU’{,Y1" (a7 @ (27 Gn)1,97) s (34)
where 1[-] denotes the indicator function, i.e. I[true] = 1 and
l[false] = 0, and the equalities follow from

(a): (X7, U7 is independent of (X7, Y} ) )

(0): Py g0, = Pxp Py xp /P, and Uf = X7Gh,

(c): X7 is uniformly dlstrlbuted over {0,1}",

@): Ul = XPG,.
We obtain (10) by letting 27" = 0.

Now we prove (11). From the definition of Zy and (34) we

have

Ze(W™)

= > \/ it o, (W0 910 Pgims g, (84 5711)
y?vul

_ \/2*n+1PU;,Y1" ((@™,0) @ (3¢ Gn)t, 1)
A $u1 !

.\/2—n+1PUi Yn((ﬁifl, 1)@ (271Gt 91)
— 9 n+1 Z \/PU1 Y" ul (é?Gn)iilao)ay?)

Z1y7 7“1
N < PG ). (35)
Let 2 = 271G, and ui ' = 4 ' (21G,) | = a4 @t

Since (zl,u’1 Do (zl,u1

{0,1}*1, it holds that
Zs (W)
\/PUL v

n+1
A Poyp (@7 1),47)

') is a bijection on {0,1}" x

=2" 70)7:‘/?)

2197 7“1

=2 Z \/PU{7Y1n,((u§_1,O),y{L) - Pyiyp ((ui1),97)
R

= Z(Ui|U; 1Y) (36)

and the proof is completed. [ ]



B. Proof of Theorem 1

First we have

IW)=1(X;X®X,Y)

=H(X®X,Y)-HX®X,Y|X)
@Y 4 H(Y) - HX,Y|X)
Y1 B(XY), (37)

where (a) holds since X is uniformly distributed and in-
dependent of Y, and (b) follows from the independence
between (X,Y) and X. Combining (37) with Theorem 2 and
Proposition 2 we have

1 .

Jim iz v <2 =1 HXY),
(38)

: 1 i— n —nf

Jim { Z(U|UI= Yy > 1 -2 }‘:H(X|Y).
(39)

Next consider the case that Y is a random variable
which takes a fixed value with probability 1. For this case
Z(UUI YR = Z(U|Uih) and H(X|Y) = H(X).
Thus, (38) and (39) become

: 1 i— —nP
lm = {i:Zui) <27 =1 H(X), @0)
. 1 - i— —nf
lim {Z:Z(Ui|U1 )>1-2 }’:H(X). 1)
Let A-D be the sets of indices defined by
A={i: 2 Uiy <27 (42)
B={i:Z(U|UI ", Yy >1-2"""}, (43)
C={i:Z2(UJU ") < 2—"3}, (44)
D={i: ZUlU )y >1-2"""}. (45)

It is easy to see that B N C' is empty for sufficiently large
n from Proposition 1 and H(U;|U™, Y1) < H(U;|UI™).
Furthermore, we also note from (38)—(41) that

A B D
1mw:hmw:1, (46)
n— oo n n—oo n
Hence (5) and (6) hold because
B B
1mM: mM:1—[(X;Y) (47)
n—r oo n n—oo n
and
AND B
lm| i |:1— |BUC] =I(X;Y). (48)
n—00 n n—>00 n
|

C. Proof of Theorem 3

Let &; be the set of pairs of codeword uj = uf (Ml‘z| , Aze)
and received word 7 such that decoding error occurs at the ith

bit. The block decoding error event is given by & = ;1 &

Under decoding given in (12) with an arbitrary tie-breaking
rule, every (uf,yl) € &; satisfies

i—1
PUi\U;'*I,Yln(ui‘uﬁ yT)

< Py it yp(ui @ Luy ™ y1) - (49)

Consider the block decoding error probability P.(Azc) for
map Aze. Since each codeword uf" appears with probability

27" [ M i) = ui}] , (50)
icTe
P,(\ze) is given by
RO = 3 2 () i) -]
ul 791 i€ZLc
- Pynjon (y1'|uy) 1[(uf, y7') € €] (51)

Ea,. [P

From (13), the expectation of the decoding error probability
= ¥ (] 7,

is obtained as
Ui uz|u1 ))
ut Y7 i€ZLC

« Pynjon (y1'|u?) 1[(uf, 1) € €], (52)

Then, using probability distribution Qv defined as
Quyp vy (uf, y7)

_PynlUn(yl‘ul 2 ‘ | H
i€Ze

we can represent (52) as Ep . [Pe(Aze)] = Qup vy (E). Let
|FF— G|| be the variational distance defined by

23 F(@) - Gw)

= Y  (Fl@)-G)

z:F(2)>G(x)

U |Ui- 1(u1\u )7 (53)

I1F -Gl =
(54)

for probability distributions F' and GG. The variational distance
between QU{L7yln and PUT Yy satisfies the following lemma.

Lemma 1. For any 8 < 1/2 satisfying (15) and 5 < j,

o).

Proof: We use an argument similar to [6, Lemma 3.5]
based on the expression

_A;L_ZAz an ZAZ Zn+1

i=1

= Z(B’ — AZ-)AZI*IBZLH
i=1
where A% and B} denote products e ;Ai and Hf:j B,
respectively.

For simplicity, we omit the symbols of random variables,
e.g. P(uf,yr') and Q(Uz|u ' yp) for Pypyp(ut,yt') and
Quijui-t vy (ui|ui™, y}) in the following. Now | Pos vy —
Qup, ynH is bounded as (57), where D(:|-) is the relative
entropy, and equality (a) and inequalities (b)—(d) follow from

| Pun yr — Qup yrll = (55)

(56)



(a): (56) and Q(y7'|uy) = P(yt|ul), Each term in the summation can be bounded as
0): Q(u;|ui™) = P(u;|ui™") for i € ¢,

©): ||F — G| £ +/(In2)D(F||G)/2 by Pinsker’s inequality Pup,vy (5) '
(see, e.g., [23, Lemma 11.6.1]), < Z Pl yl) (Ui|ul1717y?)
(d): Jensen’s inequality. ul Yy

I[P (uilui™ yl) < Plu; @ uy ™'yt

(See below for Eq. (57).) S Py Pl ) \/P(ui@l‘uilyy@)
P(uiluy ", y7)

ulhl/l
= Z(Uy|Ui~ 1, YY)
<27, (60)

Hence, it holds that

2 P n n o — n n
|Pop v = Quy v | where the last inequality follows from (15) From (59), (59)

< Z \/(2ln2)D ) and (60), we have Ep_.[Pe(Aze)] = O(2™ n® ) [ |
ieT
© Z \/(2 In2)(1 — HU;| U™ YY) D. Proof of Theorem 4
i€Z For a source sequence ¥ and the encoding rule (19), uf =
®) : Ty, Aze ith probabilit
< S @l — (2T )?) W (41, Az-) appears with probability
icT 1, i
() <H Poui-t yp (waluy Lyt )) 1 l ﬂ it = “i}l :
< (4log2) - 2—* i€l i€Ze
© o) (58) oy
’ The average distortion for map Azc = Az is expressed as
. . .. Dn(/\IC)
where the equalities and the inequalities follow from (e):
QUiIU{‘,—l = % for i € Z, (f): Proposition 1, (g): (15) and (h): - Z Py (y) (H Ui v ul\u ,y?))
p<p. u ul gy i€z
Proof of Theorem 3: First we have )
[ ) Qu™) = ui}] d" (yy', ui Gn) (62)
ieze

EAIC [PG(AZF)] = QU{L,YIH (5)
< |Qur vy — Pup yrll + Pup yp(E)
< |Quryr» — Pup yr|l + Z Pyp v (&) -

ez
(59)

2| Pup,yp — Qupyypll = Z 1Qut, y1') — P(uf, yy)|

n n
uHY1

© 3= Z (uglui™") — P(ug|ui™? (HP ] )( ﬁ Q(ujlu{_1)>62(y?|u{‘)

ul,yr Jj=i1+1
(b) N
i—1 j—1
£33 (@bt — Plafu- (Hpuﬂul ) (I @Gl ™) )Qtlar)
i€T ufy} J=i
— Z Z 2P (u HQU Ui t=git T PUilUf71=u§71||
1€L 4, 1 1
(c) o
< Z Z P(uj 1)\/(2 IDQ)D(PU”U;A:%AHQU”UrlL—l:ui—l)
Q€T it
(d)
< Z 21n2 ZP UlUL 1 u 1||QU¢|Uf71:u1fl)' (57)

i€l



and its expectation over Azc is

Ea. [D,,(Aze)]
1 n i1
- n Z Py (yy) (H PUi\U'{*l,Yln(ui‘“l 173/1)>
ut, Yy i€l
(H o (wilut™ )) d"(y1,uiGr).  (63)
IS

Then, for probability distribution Quy v, defined as

Qup .y (ul,y1) = Py (Y1) (H

i€l

' (H PUiU;‘l(Uz‘Wil)) ;o (64)

i€ZLe

U Uty (uslui™, ))

(63) is represented as

1
Baze [Da(Az)] = Equp  [d0VT,UTGA)] . (65)

Therefore we obtain
1 mn

EAIC [DH(AIC)] < EEPU{L,YI" [d /<Y1n7 GnUln)]

maxy 5 d(y, )

+ | Pop vy — Quyp vy
(66)
and the following lemma shows that the second term of the
RHS of (66) is O(2~ n® ) ]

Lemma 2. For any 3 < 1/2 satisfying (18) and 3’ < 3,

02",

Proof: By the same argument and notation as the proof
of Lemma 1, || Pyp vy — Quy vy || is bounded as (68), where
the equalities and the inequality follow from

| Pup v — Qup ypll = (67)

@ (56) and Quf) = P(u7),
(b): Q(ul|u1 7yl) P(ui|ui™ ,'y?) for i € Z,
(C)Z QUlef 1,Y1" = UilU/ffl for ¢ € Z¢.

(See below for Eq. (68).)

Furthermore it holds for all ¢ € Z¢ that
H(U|U{™Y) = HU:| Uy,

(d) ) )

< Z(Ui|UTY = (Z(U|Uy~ 1Y)

(e) .
< min{Z(U[U; ),
(f)

1= (Z(UiU; =, Y1")%)

<2.97 (69)
from (d): Proposition 1, (e): Z(-|-) € [0,1] and (f): (18). We
obtain the lemma by combining (68) and (69). ]
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